We investigate clusters of hypercubes in d-dimensional space as a function of the number of vertices, N , and number of cluster shells, L. The number of links, vertices, and exterior vertices exhibit 'magic number' characteristics versus L, as the dimension of the space changes. Starting with only the spatial coordinates, we create an adjacency and distance matrix that facilitates the calculation of topological indices, including the Wiener, hyper-Wiener, reverse Wiener, Szeged, Balaban, and Kirchhoff indices. Some known topological formulas for hypercubes when L = 1 are experimentally verified. The asymptotic limits with N of the topological indices are shown to exhibit power law behavior whose exponent changes with d and type of topological index. The asymptotic graph energy is linear with N , whose slope changes with d, and in 2D agrees numerically with previous calculations. Also, the thermodynamic properties such as entropy, free energy, and enthalpy of these lattices show logarithmic behavior with increasing N . The hypercubic clusters are projected onto 3D space when the dimensionality d > 3.
Introduction
A d-dimensional hypercube Q d can be defined recursively in terms of two graphs and a Cartesian product as
where Q 0 is a trivial graph having one node, K 2 is a complete graph with two nodes, and x represents a Cartesian product [1, 2] . Thus, the d-cube, Q d , is a graph with 2 d Boolean vectors with coordinates 0 or 1, where two nodes are adjacent if they differ in exactly one coordinate. One application of hypercubes is for multicore computer architectures with a publication history of over 30 years [2, 3] . Our interest is in the graph properties, which also have a long history [1] . Clusters have been considered in geometry [4] and in 3D nanoscience [5] , but we are not aware of previous work with hypercubes. A large collection of results from metal nanoclusters exists, as metals comprise 75 % of elements in the Periodic Table. These results are fairly recent with the majority occurring since the beginning of this century 15 years ago from developments in chemical synthesis [6] . Semiconductor nanocrystals or quantum dots are also of interest as they have novel properties due to doping [7] .
Topological indices can be traced back to the Wiener index in 1947 [8] , although it was some time later in 1971 [9] that its status in the field of mathematical chemistry became established. Today there are many topological indices, and there have been fluctuations in the number of publications on these topics, with some indices becoming more relevant in the lexicon of topological chemistry. Recently, a C++ program detailing the numerical calculation of many of these indices has been made available [10] and we have rewritten these programs with a MATLAB program that calculates the adjacency and distance matrices from only the spatial coordinates. It is worthwhile to note that the C++ program only works for fullerenes, while our program only requires the coordinates. In a different type of analysis, we have modeled both fullerenes and nanoclusters [11, 12] .
Asymptotic limits have been studied for the Wiener index [13] . The current authors also looked at limits for topological indices in 3D for nanoclusters [12] . Topological indices have power law large N behavior, where the exponent depends on the dimension, d [12, 13] . In this manuscript, we examine in more detail these relationships for several topological indices as the dimensionality changes. We also examine the asymptotic limit of the graph energy, which has been numerically determined for d = 2 [14] .
In the last 15 years, complex network theory has evolved to consider the statistical mechanics of graphs [15, 16] . Examples of networks include the cell, a network of chemicals linked by chemical reactions, and the Internet, which has physical connections. More recent analysis has considered the adjacency matrix as a central element of the partition function, with thermodynamic definitions resulting from this designation [17] . We consider the large N asymptotic behavior of the subsequently defined entropy, free energy, and enthalpy as it applies to clusters of hypercubes.
Methods
As mentioned, we use a theoretical graph-network approach where an adjacency matrix is created which contains a 1 at position (i, j) if vertices i, j are nearest neighbors. Thus,
Some topological indices are most easily calculated from the distance matrix, which is defined as
where d i j is the length of the shortest path from i to j. An efficient algorithm for the calculation of the distance matrix from the adjacency matrix exists [18] . Using this definition, we can calculate the Wiener index, W (G) and hyper-Wiener index,
and the reverse Wiener index [19] (G) is
where D is the topological diameter defined as
and D i j is an element of the distance matrix. A related index is the Szeged index introduced by Gutman [20] , where
where, for any edge ij, n i counts the vertices of G that are closer to vertex i than to j, and n j counts those that are closer to j than to i, with vertices equidistant from i and j ignored. This is a natural generalization of the Wiener index since (7) is actually the formula used by Wiener for acyclic graphs (for which W = Sz) [21] . The Szeged index also has some other similarities to the Wiener index, in that if G and G are catacondensed benzenoid systems with an equal number of hexagons, then
Another invariant derived from the distance matrix is the Balaban index [24] [25] [26] , J ,
where b is the number of edges, c is the number of primitive cycles and d i is the row sum
The Balaban index was originally introduced as being less degenerate than other indices [24] , and has some asymptotic limits: for a linear alkane C n H 2n+2 it tends to π, while for highly branched alkanes, J increases without limit. The Kirchhoff index can be determined from the Laplacian matrix, where L is defined as L = − A (10) and is a diagonal matrix of order n, with diagonal elements = the number of first neighbors, or the number of non-zero entries in a column in the adjacency matrix, A [27] . Then the Kirchhoff index is
and λ i is an eigenvalue of L. The complex systems network theory uses the adjacency matrix in the model [17] , where the partition function is Z = Tre βA (12) and β = 1/k B T is the inverse temperature, with k B Boltzmann's constant. For an unweighted network, β = 1, which is what we use. The statistical mechanics quantities are then calculated from the probability of occupying a state j as
where λ j is an eigenvalue of A. The informational Shannon entropy is then
for a graph G [28] . The total energy H , or enthalpy, and Helmholtz free energy, F, are related by F = H − T S, which results in the expressions
and
where A is again the adjacency matrix [17] . There has been previous work on the asymptotic behavior of lattices. The large N behavior of the topological indices follows a power law when d = 3 [12] . For the Wiener index, there exists a conjecture [13] 
The definition of the lattice energy for a graph is
where λ i (G) is an eigenvalue of A [14] . In 2D, there exists a formula for the asymptotic energy, which is [14] lim
Our work adds to this analysis by adding more topological indices and more lattice dimensions when considering the graph energy. Also, when using a Hamiltonian in the statistical mechanics approach, we have demonstrated large N logarithmic behavior for the thermodynamic properties of 3D nanoclusters [11] . This work extends that analysis as the dimensionality changes and we find the large N logarithmic behavior still applies.
Results
We construct clusters in d-dimensional space where each layer sequentially covers the previous one. When considering clusters in geometry, one can derive 'magic formulas' for the number of vertices, links and exterior vertices. Some work has been done in this regard for 2D and 3D clusters [4] . Our work considers clusters in d-dimensional space. Table 1 Magic formulas . In general for d ≥ 4 we take a 3D subspace containing the center of the hypercube and three vertices such that the three vectors connecting the center with these three vertices are 'as orthogonal as possible'. This is the affine subspace through the center of the hypercube and spanned by the vector (1,1, . . .1) and two other vectors with ±1 coordinates such that the absolute value of their inner product is minimal. We calculate the six topological indices from a MATLAB program. We have previously demonstrated that this program reproduces the values associated with C 60 for all six indices, so we are confident of our calculations [12] . Figure 2 shows the behavior of the indices for a fixed N = 4096, where d and L changes to accommodate that N . The Szeged index is monotonically increasing, while the Balaban index is relatively large for d = 1, since that is an acyclic graph and J → π , but for d = 2, J decreases due to the cycles in the graph. All the other indices are monotonically decreasing with a smaller decrease after d = 6.
Formulas for the topological indices of hypercubes, Q d , have been derived in previous publications [29] [30] [31] [32] . For convenience, we list them in Table 2 . These formulas are strictly for L = 1 in our designation of cluster geometry. We mention here that a different formula for the Szeged index is listed in [33] as Table 2 Published topological formulas for hypercubes of four indices
The formula is found in the reference listed after each equation
Topological index
Hypercube formula, L = 1 Table 3 Calculated topological indices corresponding to the formulas listed in Table 2 Index The coefficient and exponent are computationally determined
According to our calculations, this is incorrect, and we agree with the formula listed in Table 2 . The results of our calculated values of the four indices for the L = 1 hypercubes are shown in Table 3 . These values agree with the formulas in Table 2 . We note that the formula for the Kirchhoff index can be simply obtained from the definition after replacing n with 2 d . However, a computer can calculate the eigenvalues of the Laplacian used in the Kirchhoff index more efficiently. The asymptotic behavior of the indices for different dimensions is demonstrated in Table 4 . These limits are obtained by choosing d and L so that N is about 30,000 for most of the calculations. These structures take about 24 h to analyze on a computer with an i7 processor, 32 GB of RAM, and running MATLAB_R2014a. It takes less time when the adjacency matrix is sparse, as when d = 1. We find upon closer analysis the following power law behavior for large N
In Table 4 , both a and s are numerically interpolated from the data, using adjacent ordered pairs of (T I, N ), where TI is a topological index as N → ∞. This gives us the following results for the dependence of s with d of the indices 
These results are in agreement with our asymptotic limits. Our other results may help modeling efforts by providing the leading coefficient and exponent. Also listed in Table 4 is the asymptotic behavior of the graph energy. This is linear in N for all dimensions, with the coefficient increasing with d. Again the data is numerically interpolated as N → ∞. We are aware of a calculation of the asymptotic behavior for d = 2, where the authors determine the dependence listed in Eq. (19) [14] . Our value for the coefficient is 1.619, a difference of 0.13 % from the calculated value. A better asymptotic limit could be obtained using larger structures, at the cost of longer processing times.
In Table 5 , we show the large N asymptotic behavior of the thermodynamic quantities entropy, free energy, and enthalpy. The signs of the free energy and enthalpy have been reversed so that they may be modeled. These properties depend on N as The signs of the free energy and enthalpy have been reversed so that they may be modeled where P is the thermodynamic property, and A and B are computationally determined from interpolation. The fit (not shown) of the thermodynamic properties is better for the entropy and free energy than for the enthalpy. This is not surprising since the logarithmic dependence is inherent in the definition of the first two properties. The fit for the enthalpy improves as d increases. Less obvious is that B decreases with increasing d for the entropy and decreases with increasing d for both the free energy and enthalpy. The absolute value of A, however, is always increasing. Also, for d = 1, the enthalpy does not have any N dependence.
Conclusions
We have determined the asymptotic behavior for several properties of clusters of hypercubes in d-dimensional space. This includes six topological indices, the graph energy, and thermodynamic properties such as entropy, free energy and enthalpy. The asymptotic limits with N of the topological indices have been shown to exhibit power law behavior whose exponent changes with d and type of topological index. The number of links, vertices, and exterior vertices exhibit magic number characteristics versus L, as the dimension of the space changes. For the case of L = 1, our calculations are in agreement with previously published formulas for four topological indices. The asymptotic limit of the graph energy for d = 2 is close to the value determined mathematically, and we add values for the limits of several more dimensions. The thermodynamic properties have large N logarithmic behavior in agreement with the definitions.
